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Bacterial biofilms are organized communities of cells living in association with surfaces. The hallmark of biofilm formation is the
secretion of a polymeric matrix rich in sugars and proteins in the
extracellular space. In Bacillus subtilis, secretion of the exopolysaccharide (EPS) component of the extracellular matrix is genetically
coupled to the inhibition of flagella-mediated motility. The onset
of this switch results in slow expansion of the biofilm on a substrate. Different strains have radically different capabilities in surface colonization: Flagella-null strains spread at the same rate as
wild type, while both are dramatically faster than EPS mutants.
Multiple functions have been attributed to the EPS, but none of
these provides a physical mechanism for generating spreading. We
propose that the secretion of EPS drives surface motility by generating osmotic pressure gradients in the extracellular space. A simple mathematical model based on the physics of polymer solutions
shows quantitative agreement with experimental measurements
of biofilm growth, thickening, and spreading. We discuss the implications of this osmotically driven type of surface motility for
nutrient uptake that may elucidate the reduced fitness of the
matrix-deficient mutant strains.

ing the exopolysaccharide (EPS) component of the ECM show
a dramatically reduced surface motility, even if their division rate
in shaking culture is similar to that of the wild type. We propose
that spreading is primarily driven by osmotic stresses generated
collectively by secretion of EPS in the extracellular space. We
develop a theoretical model of the resulting motion that quantitatively predicts the evolution of the shape of a wild-type
biofilm. Without the EPS, the biofilm cannot generate osmotic
pressure, leading to reduced spreading. Thus, the limited spreading of a mutant defective in EPS production may be attributed to
an alternative and less effective force generating mechanism:
Cells at the leading edge are arranged in a tightly packed monolayer, and at each cell division they interact directly with their
neighbors and push the monolayer forward. This cell–cell interaction has been previously argued to drive bulk spreading in
bacterial colonies (11). Although the shape of the wild-type biofilm is inconsistent with this notion, we find that this could apply
to the mutant. Moreover, the lack of EPS-driven spreading limits
nutrient uptake, which may elucidate the reduced fitness of the
mutant (12).
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Biofilm Spreading. Spreading of B. subtilis biofilms on agar plates

B

acterial biofilms are heterogeneous populations of differentiated bacteria that live in association with surfaces and exhibit a remarkable degree of spatio-temporal organization (1–3).
The formation of a mature biofilm occurs in several stages, starting from the attachment of a single cell to a solid substrate. When
cells commit to the surface, a protein- and sugar-rich polymeric
extracellular matrix (ECM) is secreted in the extracellular space
and holds the community together. Several different functions
have been attributed to the ECM, ranging from protection to mechanical integrity and reserve of nutrient (4, 5). At the same time,
flagella are downregulated, and most cells lose their individual
motility. For the Gram-positive soil bacterium Bacillus subtilis the
loss of flagella-mediated motility is genetically coupled to the
production of extracellular matrix (6–10). This switch results in
a slow kind of surface motility that allows the biofilm to spread
outward on the substrate. Although spreading has been attributed
to a qualitative concept of “pushing” associated with biomass
growth, the physical force generating mechanism that drives biofilm expansion outward across a surface is not known. One intriguing possibility is the potential contribution of the ECM to
biofilm growth; the ECM is a highly visco-elastic and sticky substance, and it might be expected to hinder expansion rather than
facilitate it (4, 5). However, the ECM clearly plays a crucial role
in biofilm, and its possible effect in the actual expansion of the
biofilms has never been investigated.
Here, we demonstrate that, in the first 24 h of biofilm development, extracellular matrix production drives B. subtilis biofilm
spreading and that, by contrast, flagellar motility does not contribute appreciably to biofilm spreading. Moreover, mutants lack-
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Results and Discussion
depends on extracellular matrix production. We inoculate an initial 0.5-μL drop of cells at OD600 of 1 on an agar plate containing
the biofilm promoting medium MSgg (see Materials and Methods)
and store it in a saturated humid incubator at 30 °C. As the cells
grow and divide, the colony thickens and matrix production
marks the onset of differentiation and biofilm formation (10).
The base of the biofilm then expands, with an approximately
fivefold increase in radius over 24 h (Fig. 1A, Top, and B). We
compared colony expansion of wild-type cells and a mutant lacking flagella (hag), which are required for swimming and swarming
motility in B. subtilis. The hag mutant colony displayed a very
slight reduction in colony size that was not statistically distinct
from the wild type (Fig. 1A, Middle, and B). In contrast, we observed that the production of EPS was crucial for biofilm spreading. Without the genes responsible for the exopolysaccharide
component of the matrix (epsA-O, hereafter referred to as eps),
there was a dramatic decrease in horizontal expansion Fig. 1A,
Bottom, and B. These observations agree well with recent data
(12) demonstrating that the wild-type biofilm eventually produces
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Fig. 1. Biofilm expansion is a collective mechanism based on extracellular matrix production. (A) Top view of B. subtilis biofilm morphology and expansion on
MSgg agar plates at different timepoints for wild-type (WT) strain 3610 (top row), the flagella mutant hag (mid row), and the eps mutant (bottom row). Scale
bar, 1 mm. A central spot is apparent in all the pictures and represents the initial inoculum of cells. (B) Radial growth obtained by averaging every two hours
over 25 colonies for each of the three strains WT (black squares), hag (blue open circles), and eps (red dots); shades indicate the standard deviation. The eps
mutant shows a severely limited horizontal expansion. In these conditions, flagella do not play a significant role in the horizontal expansion of the biofilm. (C)
Growth curves of the three strains: WT, hag and eps in shaking liquid culture. (D) Consecutive frames from a time-lapse high resolution movie of the edge of the
growing wild-type biofilm. The marker indicates the position of a particular cell that slides on top of the agar during expansion.

Physical Mechanism and Mathematical Model. How can extracellular
matrix secretion enhance spreading? Based on the experiments,
we hypothesize that the EPS concentration causes an increase
in the osmotic pressure, causing swelling of the biofilm, through
uptake of water from the agar. Swelling of gels is common (13),
and the propensity for swelling depends on the physical properties of the gels. In principle, osmotic gradients could also occur
from sources other than the EPS itself—i.e., gradients of small
molecules (nutrients, ions, etc)—though such gradients would be
similar in wild type and eps, and hence are inconsistent with our
observations.
To test this hypothesis, we develop a mathematical model to
predict how the shape of a biofilm would change in response
to osmotic pressure gradients due to EPS secretion. By quantitatively comparing these predictions to the experiments, we test and
prove this proposed mechanism. The model considers the biofilm
as a mixture of biomass and water with a biomass volume fraction
ϕ and water volume fraction 1 − ϕ. The biomass volume fraction
is the sum of cells and matrix volume fraction ϕc , ϕm . We can
write an equation for the total volume fraction ϕ ¼ ϕc þ ϕm
under the assumption* that ϕm ≪ ϕc (see Materials and Methods
and SI Text). Water can flow from the agar substrate to the biofilm
through osmotic pressure gradients. When the biofilm is in equilibrium with the agar, the biofilm volume fraction is a constant
ϕ∞ , so that the osmotic pressure in the biofilm equals that in
the agar. Spreading forces are generated in the biofilm as cells
consume water and nutrient to produce biomass, creating an
osmotic imbalance in the colony. Biomass growth modifies ϕ
from its equilibrium value according to mass conservation for
water and biomass:
*This can be easily verified by imaging a cross-section of the biofilm or by purifying the
extracellular matrix as described in (27).
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∂t ϕ þ∇ · ðϕvb Þ ¼ gϕ

[1]

∂t ð1 − ϕÞ þ∇ · ½ð1 − ϕÞvw  ¼ −gϕ

[2]

where g is the rate of production of biomass and vb , vw are the
average velocities of the biomass network and of water. The
increase in biomass volume fraction draws water from the agar
substrate to equilibrate the osmotic imbalance. To describe the
dynamics generated by this deviation from osmotic equilibrium,
we minimize the sum of mixing free energy change and dissipation (14) and obtain equations for the space-time distribution of
vb , vw :
[3]
μb ∇2 vb ¼ ∇ ðp þ πÞ
ζðvw − vb Þ þ ð1 − ϕÞ∇ p ¼ 0

[4]

where we model the biomass network as a viscous fluid with
viscosity μb ; ζ ∼ μw ∕ξ2 is the water-network friction coefficient
(15, 16) and ξ is the mesh size of the network. Water flow is highly
obstructed by the presence of the network, so that Eq. 4 is essentially Darcy’s law for water speed relative to the network (see
Materials and Methods). Eqs. 1–4 with a constitutive equation
for π ¼ πðϕÞ and ξ ¼ ξðϕÞ and boundary conditions constitute
our model (see Materials and Methods and SI Text).
To analyze the mathematical model, we consider small departures from osmotic balance, expanding ϕ ¼ ϕ∞ þ δϕ and
ξ ¼ ξ∞ þ δξ. We also note that the height of the biofilm is always
about 10 times smaller than its radius R, which reduces the model
equations to a single partial differential Eq. 5 for the height
hðr;tÞ of the biofilm as a function of radial distance r; this is the
so-called lubrication approximation (see SI Text and, e.g., ref. 17):
ht −

1
μw R 1 3
½rh ðghÞr r ¼ gh
3ð1 − ϕ∞ Þ2 μb ξ2∞ r

[5]

This equation represents that the change in shape of the biofilm is
due to the competition between vertical growth (the right hand
side) and horizontal spreading (the second term on the left).
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ent expansion of the eps mutant is not due to a general growth
defect. In fact, the wild type, hag, and eps strains follow similar
growth curves in shaking cultures at 37 °C, where cells do not
appreciably produce extracellular matrix (see Fig. 1C). This
led to the hypothesis that the production of EPS itself could function to enhance colony spreading.

Let us assume that the colony has an initial height h0 and
radius R0 ; if h0 is small then initially the vertical swelling is
much larger than horizontal spreading. This is captured by the
dimensionless parameter representing the ratio of the swelling
to horizontal spreading.
K¼

1
μw h30
:
2
3ð1 − ϕ∞ Þ μb ξ2∞ R0

[6]

However, because h grows exponentially and R ∼ constant, we
expect K to increase and eventually the horizontal flux takes over,
marking the transition between vertical swelling and horizontal
spreading.
This transition is observed in numerical simulations of the
model, Fig. 2A. We carry out the simulations by starting with
an initial inoculum of bacteria, which spreads on a very thin layer
of thickness h∞ ; this gets rid of a putative singularity in the slope
of the solution at the edge of the colony and emulates the experiments where the colony spreads on a very thin layer of cells. This
prewetting layer is also a simple way to avoid detailed modeling of
the contact line whose dynamics is beyond the scope of this paper.
We define the radius of the colony as the point where the slope hr
is maximally steep, marking the edge of the bulk of the biofilm
(see Fig. 2A). The radius so defined is a good candidate for the
comparison with the experimental profiles presented in Fig. 3
because it does not depend directly on the unmodeled dynamics
of the contact line. Fig. 2B then shows the radius as a function of
time for different values of K. The simulations show that initially
the radius of the colony does not spread; but there is a time, depending on K, at which the colony starts spreading horizontally.
We can quantitatively capture this transition by looking for
a self-similar solution of Eq. 5 of the form h ¼ R12 FðRr Þegt . Using
this ansatz in the equations of motion, we obtain (see Materials
and Methods) the solution


h
egt
3 r 2 1∕3
1
−
¼
[7]
h0 ðR∕R0 Þ2
2 R2

1∕7
R
7
¼ 1 þ Kðe3gt − 1Þ
:
R0
3

[8]

The similarity solution predicts that the radius RðtÞ is initially constant but then starts to grow exponentially when 7∕3Ke3gt ∼ 1;
beyond this time, the radius grows exponentially according to
3
the law R ∼ R0 e7gt . To characterize the transition we compute

the slope hr at the edge of the biofilm defined as the point where
the magnitude of the slope is the largest; According to the similarity solution Eq. 7, this is given by

hr

h
∼ 0
R0

rﬃﬃﬃ
2
e3gt
:
3 ðh∞ ∕h0 Þ2 ðR∕R0 Þ7

[9]

The experimental data presented in the next paragraph suggest
that in fact the thin layer of cells ahead of the bulk of the biofilm
grows vertically. To mimic this property we let h∞ ¼ h0∞ egt . Eqs. 8
and 9 then predict that initially the biofilm steepens (hr ∼ egt )
without spreading (R ∼ R0 ); at the critical time when Ke3gt ∼ 1,
the biofilm undergoes expansion and smoothening as hr ∼ e−2gt .
The transition is completely determined by the single nondimensional parameter K: The biofilm starts to expand at a critical time
∼ logðK −1∕3 Þ when the profile has reached a critical slope ∼K −1∕3 .
Fig. 2 A–D shows the transition as obtained by numerical simulations of Eq. 5 in a flat geometry for different values of K. For
small values of K the biofilm transitions to expansion at a later
time and at a steeper critical slope. Control over this parameter
would be an effective method for biofilms to purposely modify
their expansion.
Comparison with Experiments. Time-lapse microscopy shows that
wild-type biofilms first swell vertically and then undergo spreading, as predicted theoretically. To show these two stages of
growth, we measured the full three-dimensional shape of the biofilm at regular intervals of 45 min for the first 18 h of biofilm
growth. First we recorded simultaneously the transmitted light
from a growing biofilm and a side view picture; we then verified
that the maximum transmitted light correlated well with the maximum thickness of the biofilm (see SI Text and Fig. S1) and assumed that the same calibration holds everywhere in the biofilm.
We collected the 2D transmitted intensity maps for both wildtype and eps growing biofilms (see Materials and Methods), and we
averaged azimuthally to obtain the profiles shown in Fig. 3 A–B.
Initially, the wild-type biofilm swelled vertically (first four curves
in Fig. 3A) and it then transitioned to horizontal spreading (last
six curves in Fig. 3A).
The wild-type shape transition quantitatively matched our theory of osmotic swelling. To visualize the transition and compare
the experimental data with the theory we traced the maximum
slope on the profiles in Fig. 3A: During the initial swelling the
profiles steepened and the radius remained constant; at the onset
of spreading, the radius started to expand and the biofilm
smoothed out. In Fig. 3 D and E we show the slope and the radius
of the biofilm as a function of time, rescaled with the average
doubling time g−1 ≈ 2.3 h inferred from volume growth (see
Fig. 3C). A comparison of the maximum slope to the theoretical
prediction 9 provides the value of the sole fitting parameter
K ≈ 10−5 . With g and K so determined, Eq. 8 completely deter-

Fig. 2. A model of osmotically driven growth predicts a transition between an initial vertical swelling and a later horizontal expansion, as illustrated by
simulations and asymptotics of the model equations. The single nondimensional parameter K controls the transition. (A) Simulated profiles for K ¼ 10−5
at different times color coded from green at tg ¼ 0 to red at tg ¼ 5. The edge of the biofilm is marked on each profile through the slope hr . (B) Radius
of the biofilm defined as the point where the profile is maximally steep; the black circles represent the results of simulations of Eq. 5 in two planar dimensions,
for different values of K from 10−1 to 10−5 ; the blue lines are the asymptotic scalings given by the self-similar solution 7–9 modified for planar coordinates (see
Materials and Methods). (C) The slope at the edge of the colony initially increases as the biofilm swells vertically as indicated by the arrow. After reaching the
critical value hmax
, it decreases as the biofilm expands and smoothens; the maximum (critical) slope defines the transition time (symbols as in B). (D) Critical slope
r
and (E) time of transition as a function of K (symbols as in B).
1118 ∣
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mines the evolution of R with no free parameters: The experimental data accord well with the theory as shown in Fig. 3E.
The only significant discrepancy between the theory and the
experiments is the long time behavior of the slope hr : Fig. 3D
shows that the experiments asymptote to a constant slope,
whereas the theory predicts that the slope asymptotically vanishes. The reason for this discrepancy can be traced to the fact
that in the experiments the growing monolayer of cells extends
for a finite length out of the colony. When the biofilm starts
spreading, the bulk may reach the contact line, depending on
how fast they move relative to each other. To capture this effect
and predict the finite asymptote of the slope in Fig. 3D, one
should model the precise physical mechanisms governing the
leading edge (including the wetting properties of agar, nutrient
depletion, surfactant effects), which are beyond the scope of the
current work. Note that typically contact line problems are sensitive to microscopic variations in the properties of the surface,
and therefore we expect the asymptote to be highly variable from
one replicate to another.
The parameter K is a combination of geometric and material
parameters (see Eq. 6). While the geometric parameters can
be easily obtained—for our experiments h0 ≈ 1 μm and R0 ≈
1 mm—the material parameters are more difficult to measure
in vivo, without disrupting biofilm integrity. Estimates of biofilm
viscosity vary widely for different biofilms (see, e.g., refs. 18 and
19), which is not surprising considering that biofilms grow in disparate conditions. We measured biofilm viscosity through creep
tests by collecting 25 biofilms grown on agar plates for 20 h (see
SI Text), and we obtained μb ≈ 100 Pa · s. These values for R0 , h0 ,
μb , together with our fit for K, provide an estimate for the mesh
size ξ∞ ¼ 20 to 70 nm (for ϕ∞ ¼ 0.2 to 0.8) which is in the range
of values recently published in ref. 20. We thus conclude that the
agreement of the data with the theory of osmotic motility occurs
at a sensible value of K, consistent with previous measurements.
Seminara et al.

The eps mutant biofilm cannot effectively generate osmotic
pressure because without the exopolysaccharide component of
the matrix, the biofilm reduces to a suspension of cells with a concentration of extracellular polymers dramatically reduced. The
osmotic pressure of a particle suspension is inversely proportional
to the volume of the particles and vanishes when these are larger
than approximately 1 μm (see, e.g., ref. 21). The mutant is then
unable to generate osmotic forces and we expect its growth history to be entirely different from that pictured by our osmotic
theory. Consistent with this argument, none of the theoretical
predictions applies to the mutant: The profiles shown in Fig. 3B
do not display any shape transition; the radius remains constant
throughout the first 20 h (see Fig. 3E, red circles) and the slope
always increases never changing the trend (see Fig. 3D, red
circles). To further prove the profound difference between the
expansion with and without polymers, we varied the agar concentration from 1% to 2% and compared the rate of expansion for
hag biofilms and hag eps double mutants. In this manner we
would solely be looking at the effect of agar concentration on
EPS-mediated spreading, independent of any flagella-mediated
surface motility. The theory predicts that, in the presence of
polymers, the external osmotic pressure determines the value of
K and thus affect the rate of expansion. The results confirm this
trend (see Fig. 3F and Fig. S2): While the hag mutant colony
radius decreased with increasing agar concentrations, the hag
eps mutant colony radius remained the same.
Discussion. Although the shape of the eps mutant never changes,

the very edge of the biofilm does spread slowly over time. In
the absence of osmotic forces, the matrix-deficient mutant may
spread owing to an alternative mechanism based on cell–cell
contact and called “sliding” (see e.g., refs. 11 and 22–25): At the
external edge of the biofilm the cells are tightly packed so that
they directly push their neighbors at each cell division. To show
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Fig. 3. Quantitative comparison with experimental data
of biofilm profiles shows that the wild type undergoes the
predicted swelling/spreading transition, whereas the eps
mutant does not. Biofilm shape at intervals of 1.5 h for
WT (A) and eps mutant (B), obtained by azimuthally averaging the logarithm of the transmitted light intensity (see
Materials and Methods and SI Text). The profiles are
shown in units of the initial height h0 defined as the average height in the central plateau of the biofilm at time 0;
we show the time evolution color-coded from green at t ¼
1.5 h to dark green (WT) and red (eps) at t ¼ 18 h. (C) Volume of the biofilm as a function of time, calculated from
the profiles in A and B. We obtain the average doubling
time by fitting the wild-type growth curve with a single
exponential giving g−1 ∼ 2.3 h. (D) The maximum slope
of the wild-type biofilm (black squares) first increases
when the biofilm swells vertically and then decreases as
the biofilm spreads horizontally and smoothens out. Values are shown in units of the initial value. Time is nondimensionalized with g−1 ¼ 2.3 h obtained from the
previous fit. The experimental points closely follow the
theoretical prediction 9 with the single fitting parameters
K ∼ ð1  0.2Þ × 10−5 . The eps mutant (red circles) continues
to steepen, with no apparent shape transition. (E) Wildtype biofilm radius (black squares) starts to expand after
a critical time; eps biofilms (red circles) do not display the
transition. Data for the wild type are in good agreement
with the prediction 8. The radius is defined as the point of
maximum slope and it is computed from the profiles. Error
bars in D and E are defined as described in Materials and
Methods. (F) Average horizontal extension of hag (blue)
and hag eps (red) biofilms after 30 h from plating as a
function of agar concentration. The error bar is the standard deviation computed over three replicas. Data are obtained with the protocol described in Radial growth.

this arrangement, we monitored the leading edge of the biofilm
and followed cell position individually: Fig. 1D shows that the cells
slide over the agar and are organized in a tightly packed monolayer as previously observed for other bacterial colonies (11).
We may then distinguish two profoundly different mechanisms
for flagella-independent surface motility: Osmotic gradients push
wild-type expansion from the bulk, whereas cell–cell contact
drives expansion of the matrix-deficient mutant from the leading
edge. The wild-type biofilm undergoes a shape transition determined by a combination of geometric and material parameters
potentially under genetic control. Control over the shape transition is an invaluable opportunity for the wild-type biofilm to increase nutrient uptake. In fact, any microcolony feeding on
diffusing nutrients hits a severe growth bottleneck due to nutrient
depletion if it is not able to change shape. This is because nutrient
uptake by diffusion is approximately proportional to the surface
area of the colony, whereas consumption is proportional to the
volume. If the colony grows without changing shape, its volume
grows faster than its surface and eventually uptake cannot keep
up with consumption. When consumption equals uptake, starvation occurs: An increasing portion of the colony is starved and
the fraction of cells that continue to grow is limited to an ever
thinning external shell of the colony. Any microcolony feeding
on diffusing nutrients faces this very general problem and many
species have evolved different ways to cope with growth bottlenecks (see e.g., ref. 26). The wild-type biofilm is able to break this
bottleneck by changing shape and increasing the fraction of growing cells thus speeding up growth. This result may in fact elucidate
the reduced fitness of the eps mutant that—despite a growth
curve that is similar to the wild type in shaking culture—displays
a reduced growth rate under biofilm conditions (12). This result
strongly suggests that the energetic investment implied in the production of EPS is rewarded by the consequent increase in nutrient
uptake and results in a net fitness increase for the colony.
Not all biofilms are able to spread under osmotic forces. In
the presence of EPS, our theory predicts osmotic spreading for
biofilms that behave like viscous fluids. However, biofilms are
complex heterogeneous materials and their behavior may resemble that of a fluid or that of a solid depending on many factors
including composition and external conditions (20). The sinR
mutant, lacking the master regulator of matrix gene expression
SinR, is an example of solid-like behavior. Structural integrity of
B. subtilis biofilms is provided by the interaction between EPS
and TasA, a major protein component of the extracellular matrix
(6, 27, 28). As a result, sinR mutants, that greatly overproduce
both EPS and TasA, are very hard, hyperwrinkled colonies and
are extremely difficult to tear apart (7). Clearly, sinR biofilms on
MSgg plates can no longer flow and the increased EPS concentration in these biofilms induces stretching of the biomass network, rather than outward flow and spreading. Consistent with
this notion, sinR biofilms appear smaller than the wild type.
Materials and Methods
Bacterial Culture. B. subtilis biofilms are grown according to protocols
adapted from ref. 29. B. subtilis cells (strain 3610) are streaked from −80 °C
freezer stocks onto 1.5% agar LB medium plates and incubated at 37 °C for
12 hours.

Growth curves. After incubation cells are resuspended in LB and diluted
to OD600 of 0.001, incubated on a shaker at 37 °C and the OD is measured
every hour.
Radial growth. After incubation, cells are resuspended in LB and diluted to
OD600 of 1. A drop of 0.5 μL is spotted onto a 1.5% agar plate containing
minimal salts glycerol glutamate (MSgg) medium (29) with 0.25% glycerol
and 0.25% glutamate. For the experiment presented in Fig. 3F and
SI Section II we plated 1 μL on 1%, 1.5% and 2% agar plates. Strains used
in this study: wild-type (NCIB3610), eps (3610 epsA-O∷tet), hag (3610 hag∷tet) and hag eps (3610 epsA-O∷tet, hag∷mls). After the droplet of bacteria
1120 ∣
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dries, the sample is transferred to a humidified chamber on a dissecting scope
and kept at 30 °C. For every time point, images are analyzed by tracing the
edge of the colonies and calculating the area A for each biofilmp
atﬃﬃﬃﬃﬃﬃﬃﬃﬃ
each time
point. The radius for Figs. 1B and 3F and Fig. S2 is defined as A∕π .

Time-lapse microscopy. After incubation (Bacterial culture), 3 mL of LB liquid
medium is inoculated with cells from an isolated colony. The inoculated LB
medium is incubated on a shaker at 37 °C for 3 h, when the optical density of
the bacteria solution is 0.6. Approximately 0.5 μL of the bacteria solution is
spotted onto a 1.5% agar plate containing minimal salts glycerol glutamate
(MSgg) medium (29) with 0.25% glycerol and 0.25% glutamate. After the
droplet of bacteria dries, the sample is transferred to a humidified chamber
on an inverted microscope and kept at 30 °C. Each 45 min, automated data
collection and stage control software collects a 9 × 9 grid of transmissionmode bright-field images; images are stitched together and processed with
custom written MATLAB software. Bright-field images are converted to thickness maps by employing the Beer–Lambert law, IðrÞ ¼ I0 e−hðrÞ∕λ where I0 is the
average light intensity incident on the biofilm, and λ is an absorption length
that is measured as described in the SI Text (see Fig. S1). The 2D thickness
map, hðrÞ, is integrated over the azimuthal angle to produce the 1D thickness
profile, hðrÞ.
Mathematical Model. The biofilm is a heterogeneous material mainly composed of water, cells and extracellular matrix. To model the biomass we
extend classic Monod models by adding the production of an extracellular
matrix, and we obtain two continuity equations for the cells volume fraction
ϕc and the matrix volume fraction ϕm (see SI Text). It appears from imaging
the biofilm at high magnification that cells are highly packed so that we
assume ϕm ≪ ϕc and we write a single equation of continuity for the biomass volume fraction ϕ ¼ ϕc þ ϕm (Eq. 1). Under this assumption, the biofilm
reduces to a two-phase material where the two phases are extracellular
water and biomass. Mass conservation for water results in Eq. 2. The sum
of Eqs. 1 and 2 yields:

∇·v¼0

[10]

where v ¼ ϕvb þ ð1 − ϕÞvw is the volume averaged velocity.
In the absence of biomass production, the biofilm reaches mechanical and
thermodynamic equilibrium with the environment (agar). We are interested
in the description of small departures from equilibrium caused by a slow
biomass production. In quasi-static conditions, the equations of motion in
the presence of dissipations can be obtained by minimizing the sum of
free energy change and dissipation (14): R ¼ ∫ d 3 rζjvb − vw j2 ∕2 þ σ ω ·
∇ vw þ σ b · ∇ vb − ∂f ∕∂ϕ∇ · ðϕvb − gϕÞ − pf∇ · ½ϕvb þ ð1 − ϕÞvw g with re-

spect to vb and vw . Here ζ ∼ μw ∕ξ2 is the water-network friction coefficient
(15, 16); σ w , σ b are the stress tensors of water and biomass network; f ðϕÞ is
the mixing free energy and p (pressure) is the Lagrange multiplier enforcing
total volume conservation 10. The equations of motion then read:

ζðvb − vw Þ −∇ · σ b þ ϕ∇

∂f
þ ϕ∇p ¼ 0
∂ϕ

ζðvw − vb Þ − ∇ · σ w þ ð1 − ϕÞ∇ p ¼ 0
∂f
where we can rewrite ϕ∇ ∂ϕ
¼ ∇ π by definition of osmotic pressure

π ¼ ϕ∂f ∕∂ϕ − f . We consider both phases to be Newtonian fluids with
viscosities μw and μb ≫ μw . By neglecting water–water friction,† which is
typically much smaller than network–water friction in many synthetic gels
(see refs. 16 and 31) we obtain:

ζðvb − vw Þ − μb ∇2 vb þ∇ π þ ϕ∇p ¼ 0

[11]

ζðvw − vb Þ þ ð1 − ϕÞ∇ p ¼ 0

[12]

Eq. 12 is essentially a Darcy’s law for the relative motion of water with respect
to the network; the sum of Eqs. 11 and 12 yields Eq. 3. Eqs. 1–3 with boundary
conditions and a constitutive equation for π ¼ πðϕÞ (see SI Text) constitute our
model. Because the height of the biofilm is always about 10–100 times smaller than the radius, we can reduce the model equations to the single PDE 5 for
the height hðr;tÞ (see SI Text).

†

In ref. 30 the opposite assumption is made, which substantially differentiates the two
models.
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ht − K½Rh3 ðghÞx x ¼ gh

[13]

where K is given by Eq. 6; the height is rescaled with the initial height h0 ; x,
R are rescaled with the initial radius R0 ; g−1 is rescaled with the average division time and we consider the first stages of growth where g ≈ 1. We expect
nutrient limited growth to modify radial expansion after about 12 h when
height saturation occurs.
To study the solution of this equation we first substitute h ¼ et H and
obtain:

H t ¼ KðH 3 H x Þx e3t R:

[14]

Rescaling time implicitly with ∂τ∕∂t ¼ Ke3t R yields:

H τ ¼ ðH 3 H x Þx :

[15]

We search for a self-similar solution of the form H ¼ FðηÞ∕RðτÞ with η ¼ x∕RðτÞ
and obtain:

−ðFηÞ0 Rτ ∕R2 ¼ ðF 3 F η Þ0 ∕R6 :

[16]

The time component of the above equation Rτ ∕R2 ¼ 1∕R6 can be solved to
obtain R observing that Rt ¼ Rτ ∂τ∕∂t ¼ Ke3t ∕R3 giving

R ¼ ð1 þ 4Ke3t ∕3Þ1∕4 :

[17]

At small times R ∼ 1, whereas as t → ∞, the exponential takes over and
R ∼ e3t∕4 . The spatial component of Eq. 16 −ðFηÞ0 ¼ ðF 3 F η Þ0 can be integrated
once to give −Fη ¼ F 3 F η þ b where b ¼ 0 because F → 0 for η → 0. This yields
the separable equation −Fη ¼ F 3 F η , whose solution is F ¼ ½c − 3η2 ∕21∕3 ,
where c is set by the initial condition:

rﬃﬃﬃﬃﬃ
2c e3t
:
3 R4 h2∞

hx ðx Þ ¼ −

[19]

If h∞ grows exponentially (as it seems to be the case initially for the wild-type
biofilm), the exponent at the numerator decreases from 3t to t. At small time
scales, when R ∼ 1, the slope at x  grows exponentially hx ðx  Þ ∼ et . Later on,
when R ∼ e3t∕4 , the slope reaches a maximum value and then decreases to
zero as hx ðx  Þ ∼ e−2t .
The experiments confirm that after initially steepening, the profiles reach
a maximum slope, and then become less steep, approaching a nonzero slope
at long times (see Fig. 3D). Both height saturation and the precise dynamics
of cells near the leading edge of the biofilm may affect this behavior. In fact,
if the solution matches to a steady rather than a growing layer h∞, the slope
steepens at a faster rate hx ∼ e3t and then transitions to a constant value,
without decreasing to zero.
In 2D cylindrical coordinates, the same arguments hold upon substituting
∂x → 1∕rðr∂r Þ so that Eq. 13 transforms into Eq. 5 and repeating the arguments applied to obtain 17–19, with the ansatz H ¼ Fðr∕RÞ∕R2 to fulfill mass
conservation, one obtains Eqs. 7 to 9.
Numerical Simulations. In order to obtain the entire solution linking the two
behaviors outlined above, we perform finite difference simulations of Eq. 13
with no flux boundary conditions both at the center of the biofilm and at the
end of the asymptotic layer. We use MATLAB’s implicit solver ode15s for the
time integration, and we discretize space with a second order central finite
4
difference algorithm. The initial condition is taken to be hðx;0Þ ¼ e−x þ h∞
so that R0 ≈ 1 and h0 ≈ 1. We take h∞ ¼ 0.1. The scalings demonstrated in the
paper occur independently of the precise form of the initial conditions.
We compute the biofilm slope and radius by smoothening the experimental profiles shown in Fig. 3 A and B with a moving average algorithm, and
finding the maximum slope. We vary the smoothening window from 50 to
300 μm and obtain 10 different realizations of R and hr ; in Fig. 3 D and E we
plot the average, the error bar is the standard deviation.

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Note that as x  → 2c∕3R, h → 0 and hx → −∞. We regularize the solution by
assuming that the profile asymptotes to h∞ . Imposing hðx  Þ ¼ h∞ yields
½c − 3∕2ðx  ∕RÞ2 1∕3 ¼ h∞ R, and the evolution of the regularized slope reads
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Asymptotic Analysis. For simplicity, we illustrate the model in two planar
dimensions ðx;zÞ; the generalization to cylindrical symmetry is straightforward. A self-consistent thin film approximation and dominant balance
of Eqs. 1–4 are outlined in the SI Text and yield:

